In this paper the initial positions of n-point vortices that collapse in finite time are numerically obtained. Examples of the collapsing systems of 3, 15 and 24 vortices are given. How to obtain the collapse positions of the vortices in the configuration space that are parameterized by the Hamiltonian values is described. A solution for the self-similar collapse trajectories of the vortices is derived.
Introduction
The study of the dynamics of point vortices in a plane for an ideal incompressible fluid has been a very active research field for a long time. In 1858 Helmholtz (Helmholtz 1858) wrote the paper 'On integrals of the hydro-dynamical equations, which express vortex motion' where the well-known equations for the systems of vortices appeared (see (1) below). Kirchhoff showed in his 1877 lectures that the equation for the vortices' motion may be expressed as a Hamiltonian system (Aref et al 1992) . In 1877 Gröbli in his dissertation studied analytically the motion of three vortices and showed that three vortices can collapse to a point in finite time (for the historical background see Aref et al (1992) ). Unfortunately, the works of Gröbli were completely forgotten. A three-vortex system is integrable since it poses the three independent integrals that have commuting Poisson brackets (Aref 2007) . Liouvilleʼs theorem of classical mechanics assures that in such a case the Hamiltonian system is integrable and can be explicitly reduced to the quadratures (Kozlov 2003 ). Yet in Batchelorʼs book (Batchelor 1967) it was written that the detail of the motion of three vortices is not evident. The analytical results of Gröbli were rediscovered by Novikov (1975) and independently by Aref (1979) . The collapse of three vortices in self-similar motion was shown by Aref (1979) and Novikov and Sedov (1979) . Novikov and Sedov (1979) gave special, limited examples for the collapse of four and five vortices.
The collapse of the vortices belongs to one of the most interesting problems related to the dynamics of vortices. The problem represents the great interest shown in the theoretical investigation of turbulent motion. The collapsing system of vortices changes the scales of the motion that is the fundamental feature of the turbulence. It is one of the scenarios related to the loss of the uniqueness of Eulerʼs equations in three dimensions. We must remember that the point vortices are represented by a set of rectilinear vortex lines in three dimensions. The collapsing solution in two dimensions (2D) becomes a three-dimensional collapsing solution, despite the fact that vorticity is extended to infinity.
The point vortex model provides a useful model to many interesting physical systems (Aref 2007) and is the basis for the vortex particle method, a very efficient numerical method for the solution of the Euler as well as the Navier-Stokes equations (Cottet and Koumoutsakos 2000, Kudela and Malecha 2009) . It is worth indicating that in atmospheric physics, collapsing vortices can be seen as the process that leads to the formation of a large atmospheric vortex like a cyclone.
In this paper we have demonstrated numerically the collapse of the vortices to a point in finite time for any number of vortices. To the best of the authorʼs knowledge, it is the first time such a demonstration has taken place.
Equations of motion of system vortices
We start by recalling the equations of motion of the vortices system. Let us assume that there are n-point vortices on the plane with distinct positions
The differential equation that describes the motion of the system of n vortices is (Newton 2001 , Kochin et al 1965 
where the prime on the summation indicates omission of the term with j = k. For the system (1) one can prove the following identities (Kochin et al 1965) :
Using these identities, one can prove for system (1) the following integrals (Kochin et al 1965) :
The invariant (5) is a Hamiltonian and as shown by Kirchhoff, the system (1) can be expressed in the Hamiltonian formulation (Borisov and Mamaev 2005, Newton 2001) :
The invariant (6) is called a linear impulse, (8) is called an angular impulse and (7) is named a virial (Aref 2007) . It is possible to create one more invariant as a linear combination of (6) and (7) that plays a role in the study of the self-similar collapse of vortices (Aref 1979 , Kimura 1987 , Novikov and Sedov 1979 
where
Invariant L is expressed in terms of the mutual separation of the vortices r jk . It is clear that when a system collapses all → r 0 ij , so L = 0 is the necessary condition for the vortex collapse (Borisov and Mamaev 2005, p 66) . Our interest here is to find numerically the initial positions of vortices that collapse in finite time. As was remarked in Aref (2010) , due to the invariants of motion it seems that collapse contradicts the intuitive characteristic that the distance between any two vortices can never be much less than the smallest distance between any pair of vortices initially (Batchelor 1967) . But as explored for n = 3 in Aref (1979 Aref ( , 2010 , Novikov and Sedov (1979) , and Kimura (1987) , for self-similar motion and some additional conditions for intensities of vortices, the three vortices can collide in the center of vorticity in finite time. Here it will be demonstrated that such a collapse is possible for any ⩾ n 3.
Self-similar motions of n vortices in the plane
The dynamic of the n-vortices system is determined by the collection of n intensities for some ∈ a C and ≠ b 0 (OʼNeil 1987). Further it will be assumed that σ ≠ 0 and that the center of vorticity is shifted to the zero of the coordinate system 
It follows from (13) that for t = 0 we have
k k
and it is easy to see we have
To find the solution of system (13) we introduce the new variables φ r t t ( ( ), ( ) ) and assume the following form of that solution (see Newton (2001) , Kimura (1987) )
Separating the real and imaginary parts on both sides of equation (17) and comparing them to each other, one obtains the differential equation for r(t) and φ t ( )
Direct integration of (18) gives: The solution of equation (16) has the form
Solution (20) represents the logarithmic spiral. It is easy to check that when → t T c where
c r is called a collapse time then 
The Hamiltonian (5) during the self-similar motion will conserve, when the virial V = 0.
Algebraic equation for the initial position of collapse vortices
From (13) follows that for the collapse of vortices in self-similar motion we have
j k k j OʼNeil (1987) proved that there are only − n 3 independent equations of the form (23). Specifically, he proved that if (23) is true for example for = … j n 4, 5, , then it is true also for j = 2, 3.
The configuration space of n vortices needs n 2 real numbers. To find the collapse position we can use only − n 3 equations (23). But due to the fact that we assume that the centre of vorticity is in the origin of the coordinate system we have = M 0 x and = M 0 y . OʼNeil also proved, using the identities (2) and (3) that if the virial is equal V = 0 then so is the angular impulse S = 0. From (10) it is evident that invariant L also equals zero.
From what was said above follows that the collapse configuration of vortices can be determined by the common zeros of the functions:
3) equations for real and imaginary parts of the complex functions
. As suggested by OʼNeil (1987) , one can expect that the collapsing vortices lie on some curves. To get the particular positions of the collapse vortices on those curves we must use a trick. To close the algebraic system we need three additional equations. To reduce the number of unknowns we fix one of the vortex coordinates,
hoping that the rest of the vortices will arrange themselves to fulfil conditions for a collapse. Additionally we include to the systemʼs real part of the identity (2)
. This identity does not provide any information about the structure of the collapse position of the vortices but still should be true for any vortices system. The following non-linear system of 
Thus a − n 2 2 non-linear system of equations with fixed = z x y ( , ) n n n is solved using the Newton method. To succeed in a numerical solution of an algebraic non-linear system of equations one should provide a good guess for the initial solution (starting point). An unconstrained optimization procedure-the Levenberg-Marquart algorithm-was used to find that first approximation by minimizing the function . where ΔH is an arbitrarily small number, one can find the new position of collapsing vortices for this value of Hamiltonian Δ H . By enlarging and decreasing the Hamiltonian one can obtain the set of the points which are joined by the lines given by the curves where the collapse vortices lay. All calculations were done by ® Mathematica , v9.01. Mathematica has the following required procedures: FindMinimum-to minimise the function (31), FindRoot to solve the system of equation (24) by the Newton method and NDSolve to solve the system of differential equation (1). It is very important to carry the calculations with sufficient digital precision. Mainly high numerical precision is needed to find the minimum of function (31). In Mathematica the digital precision is fixed by passing to the procedure parameter that is called 'WorkingPrecision'. Using → WorkingPrecision w causes calculations to be done using numbers with w-digit precision (Ruskeepää 2009, p 409) . Further, the values for H and T c will be represented only by 6 digits after the decimal point. 
Numerical examples

Collapse of three vortices
To clarify our numerical procedure and check the numerical algorithm, we begin from the well-known problem of a collapse of three vortices (Aref 2010) . According to our algebraic system (24) the collapse system of three vortices is determined only by S = 0, = M 0 is marked in figure 1 by the dashed-line circle. The presented trajectories were obtained using the formula (20) as well as by solving the equations (1) using NDSolve with PrecisonGoal and AccuracyGoal equal to MachinePrecision (see Ruskeepää (2009) ). The difference between these two solutions is smaller than and is marked in figure 7 by the thick point.
Collapse of 24 vortices
The last example relates to the system of 24 vortices. Three different values were used for the intensities Γ i : Γ 1 to Γ 11 were equal to −1 , Γ 12 to Γ 18 were equal to − − 1 42( 77 1309 ) and Γ 19 to Γ 24 were equal to − 1 15 (11 1309 (24) 
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The vorticity can be approximated by the sum of the delta Dirac measures The instantaneous pictures of streamlines for t = 0, = t T 0.3 c , = t T 0.9 c and = t T 0.99 c are presented in figure 12 . The thick red points indicate the vortices with the positive intensities, the blue points mean the negative vortices. The black square in the middle of the frames marks the center of vortices (0, 0). To visualize the dynamics of the changes in the distribution of streamlines, the streamline ψ = 0 was drawn using a thick line. Dark gray smudges around the vortices indicates a negative gage pressure smaller than −3. The gage pressure was calculated using the Bernoulli law
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The smudges around the vortices are irregular and the shape of the isoline ψ = 0 is deformed strongly. This indicates interactions between the vortices. As vortices go to the collapse point the smudges merge but still in the frame T = 2.030 52 we see the white places inside of the area round by the vortices ('the silence zone'). In these places the velocity is nearly zero. At the frame = T T 0.99 c the streamlines are circles as if they are created by the single vortex. Due to fact that invariant V = 0 and σ ≠ 0 one can write The dark gray color means negative pressure of less than −3.
It is worth indicating the relevance of the collapse vortices problem with the meteorological phenomenon of cyclone evolution. The similarity is striking when we compare the spirals of collapse trajectories with vortices of the low-pressure system swirls of the cyclone in figure 13 . The cyclone is created by the low regions of low atmospheric pressure that can be identified as vortices.
Concluding remarks
It was numerically demonstrated that the system of finite numbers of linear vortices under suitable initial conditions can collapse to a point with finite time. The first condition for the collapse of vortices is V = 0. This guarantees the constant value of the Hamiltonian H during the self-similar motion. The shift of the vorticity center to the origin of the coordinate system (M = 0) causes S = 0 and L = 0. Using the features of the self-similar motion of collapse vortices one can build the system of algebraic equations for finding the initial collapse positions of the vortices. The collapse vortices relate to a widely discussed problem of the loss of uniqueness of Eulerʼs equation for inviscid flow (Wayne 2011) , the transition to turbulence and stochastization (Novikov 1980) . It is well-known that under very little regularity of the initial vorticity it can prove the existence of the global, regular solutions of the Euler equation in 2D (Gallagher and Gally 2005) . The singular initial conditions given by the distribution of point vortices may lead to the collapse phenomenon and the loss of the uniqueness. But it is known that the point vortex approximations of the initial vorticity distribution converge to the 2D Euler equations (Goodman et al 1990) . The regular solution and the singular one that lead to the non-uniqueness seem to be not far from each other. The 2D point-vortex model is a very useful, though simple, approximation to many important physical systems (Wayne 2011 , Novikov 1980 ) and provides interesting physical interpretations to a number of mathematical 
